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LINEARIZED THEORY OF STAGNATION POINT HEAT AND MASS 

TRANSFER AT HYPERSONIC  SPEEDS 

By Kenneth K. Yoshikawa 

A m e s  Research  Center 

SUMMARY 

An explicit  closed-form  solution  has  been  obtained  for  the  compressible, 
viscous  shock-layer  energy  equation  with mass addi t ion or suction. The solu- 
t i o n  i s  applicable at very  high  speeds, when the   in te rac t ions  between the  
heated  gas  behind  the shock wave and the  layer   of   injected or ablated  gases 
from the  surface must be  considered  as  well as the  effect   of  heat  conduction 
across  the shock layer .  The solution  consists  of  the  energy  equation 
decoupled  from the  other  conservation  equations and then  l inearized by the  
introduction  of  constant  values  for  the  thermal and t ransport   propert ies .  

Results  of  using  the  solution show exp l i c i t l y   t ha t   t he   e f f ec t  of  gas 
in jec t ion  on convective  heat  transfer depends  on the  Stanton number without 
mass addi t ion and on the  relative  molecular  weights, and thermal and t ransport  
propert ies  of the  free-stream and injected  gases.  The solut ion i s  
substantiated  by  comparisons  with more exact  solutions.  

INTRODUCTION 

A number of inves t iga tors   (e .g . ,   re f .  1) have suggested  that  reducing 
the  bluntness  of a vehicle w i l l  s ignificantly  decrease  the  severe  radiative 
heating it encounters  as it enters   the   ear th ' s  atmosphere a t  very  high 
speeds. However, reducing  the  effective  bluntness  increases  the  convective 
heating  to  such a body.  Thus,  there i s  renewed i n t e r e s t   i n   t h e  problem of 
convective  heat  transfer,   including  the  effects  of mass addition employed f o r  
coo l ing .  

Theoret ical   invest igat ions  of   the   effects   of  mass addition  on  convective 
hea t   t ransfer  have been  presented  in  references 2 through 20. The in jec t ion  
of  nonreacting  gases i s  generally  treated  by one of two fundamentally  differ-  
ent  approaches: (1) boundary-layer  theory  (refs. 2-5) and (2)  shock-layer 
theory  ( refs  . 6-8) . 

A t  a l t i t udes  and velocit ies  associated  with  high-speed  entry,  it i s  
necessary  to employ shock-layer  theory  to  analyze  properly  the  problem  of 
convective  heating  with mass addition. For high  Reynolds number flow, Howe 
and Sheaffer   ( ref .  6) pointed  out   that ,   contrary  to   the  resul ts   obtained from 
boundary-layer  theory,  the  heat  reduction due t o  mass addi t ion was not  simply 
correlated as a function  of mass addition. rate. For low Reynolds number 



flow, Chen e t  a l .  ( r e f .  8) pointed  out   that   the   heat   reduct ion due t o  mass 
addi t ion w a s  considerably  different  from  that  obtained  with  boundary-layer 
theory.  Although  the  investigations  based on shock-layer  theory  are  useful,  
each  problem,  because  of i t s  complexity, requires  a separate  numerical  solution. 

With regard  to   the  heat   t ransfer ,  much of  the  complexity  associated  with 
the  solutions  to  the  shock-layer  equations  can  be  avoided if the  energy  equa- 
t i o n  i s  decoupled  from the   cont inui ty  and momentum equations.  This  approach 
seems p laus ib le   in   l igh t   o f   recent   resu l t s  (refs.  21-23).  Hanley  and Korkan 
( r e f s .   21  and  22) showed that  for  inviscid  f low,  the  normalized mass-f low 
dis t r ibut ion  a long  the  s tagnat ion  s t reamline w a s  insens i t ive   to   rad ia t ive   hea t  
t r a n s f e r   i n   t h e  shock layer.   Matting  (ref.  23) showed tha t   for   v i scous  f l o w  
along a cold w a l l ,  t he  mass-flow gradient  in  the  boundary  layer was e s sen t i a l ly  
constant at the  corresponding  stagnation-point  value. 

The purpose  of th i s   repor t  i s  to   p resent  a method for  solving  the  shock- 
layer  energy  equation,  decoupled  from  the  continuity and momentum equations, 
by means of   the  resul ts   f rom  references  21  to  23. (A similar method involving 
only  radiat ive  heat ing was presented  in  ref.  24.)  Closed-form  solutions  of 
the  energy  equation  are  presented  to  demonstrate  the dependence  of  convective 
heating  on  the  appropriate  physical  parameters.  In  order  to  substantiate  the 
present method, these  solut ions  are  compared, wherever possible,   with numeri- 
cal   solut ions  obtained from the  coupled  equations. The primary  effect of heat 
conduction i n   t h e  shock layer on convective  heating a t  the  stagnation  point i s  
a lso  incorporated  in   the  analysis .  

SYMBOLS 

a 

B 

B* 

C 

D 

erf  

H 

h 

h 
- 

j 

2 

parameter  defined  by  equation  (llc) 

blowing  parameter, 

cha rac t e r i s t i c  blowing  parameter  (eqs . (~18) and ( B l 9 )  ) 

mass f r ac t ion  

specific  heat  with  constant  pressure 

d i f fus ion   coef f ic ien t  

error   funct ion 

X W  

(St), 

free-stream t o t a l  enthalpy, h, + 5 V,' 1 

enthalpy 

dimensionless  enthalpy, 

t o t a l  enthalpy, h + 5 (u' + ?) 

h 
F=q 
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k total   thermal   conduct ivi ty  

ka 

kb 

kW 

L 

M 

Nu 
- 
N f  

Pr 

P 

q 

R 

Re 

r 

st 

constant  defined  in  equation (B4) 

constant  defined i n  equation (B10) 

e f fec t ive   r a t io  of mass-flow  gradient  (eq. (B9) ) , 
shock standoff  distance 

(X:) ** 
(x;>* 

molecular  weight  of  cold  gas (at  wall temperature) 

Nusselt 's number (eqs. (B25) and (~26) ) 

factor  of  proportionali ty  defined  in  equations  ( lgb) and (2%) 

Prandt.1 number 

pressure 

heat flux 

body radius 

Reyno Ids number 

rad ia l   d i s tance   def ined   in   f igure  1 

Stanton number, 

qr 
( S t ) ,  Stanton number for   rad ia t ive   hea t   f lux ,  PmVm(H - hw) 

T temperature 
- 
T 'I' - 

TS 
U x component of velocity 

value  of u at  t h e  shock, V, E 
V veloci ty  

V y component of  velocity 

X distance  along body 

Y distance normal t o  w a l l  
P V L  

P Peclet  number, , (eq.  (6b)) 
C P )  

Y modified f ac to r  of velocity  gradient  (eqs.  (B4) ) 
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6 boundary-layer  thickness 

6+ 

E 

5 

P 

P 

X 

x: 

* 

*cy 

C 

c r  

f 

m 

0 

r 

ref  

charac te r i s t ic   th ickness  

densi ty   ra t io   across   the shock wave - 

ef fec t ive   hea t  of  ablat ion 

PC0 
' ps 

normalized  distance from wall ,  

parameter  defined in   equat ion (lgb) 

viscosi ty  

density 

sca l ing   fac tor  for heat  transfer  normalized  by  value  for ps = 1 atm, 
Ts = 15,000° K, R = 1 f t  

P v  
dimensionless mass-flow parameter, - 
absolute  value of  arl ax near  the wall 

convective  heat  reduction  with  gas  injection, - 

PmV, 

qC 

qco 

Superscripts 

integrated  quant i ty  for the  condition Ts >> T, (e  .g.,   eq. (9a) ) 

quantity for the  condition Ts Tw (eq. (B5) ) 

Subscripts 

species A,B 

convective 

c r i t i c a l  

foreign  gases or equivalent  foreign  gas 

mixture 

no blowing 

rad ia t ive  o r  reference  conditions 

reference  properties a t  T = 15,000° K 
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S condition just  behind  shock wave 

W w a l l  

6 boundary-layer  edge 

co free-stream  gas or conditions 

ANALYSIS 

Conductive  heat  transfer will be  considered  with a simplified  energy 
equation  for  the  viscous,  compressible  flow  in  the  neighborhooa of a stagna- 
t ion   po in t .  The thermodynamic  and transport   properties  of  the  shock-layer 
gas will be  introduced as averaged  quant i t ies .   Solut ions  for   the  resul t ing 
l inearized  equation w i l l  be   obtained  for  a body from  which t r ansp i r a t ion   o r  
ablation  gases are emanating in   hyperve loc i ty   f l igh t .  The calculation  of  the 
convective  heat  - transfer  rate a t  t h e  w a l l  wi l l   be  emphasized. 

Assumptions  and Geometry 

The following  assumptions are bas ic   to   the   ana lys i s   ( f ig .  1 shows the  
geometry  used in   t he   ana lys i s ) .  

1. Steady  axisymmetric  stagnation-point  flow 

2. Thermdpamic  equilibrium 

3. No chemical  reactions  between  free-stream and in j ec t ion  or 
ablation  gases 

4. 
separately 

5. 
6 .  
7. 
0 .  

Thermal radiation  uncoupled  (convective  heat  can  be  derived 
by means of  the  driving  enthalpy) 

Laminar  continuum flow 

Thin  shock layer,  L/R << 1 

Small  blowing rates, pwvw << pWVm 

Thermal d i f fus ion  and dif  fusion-thermal  neglected 

\ 
SHOCK WAVE 

Figure 1.- Flow  geometry. 
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Basic  Equations 

Conservation  equations  for  steady  flow  of  multicomponent  chemically 
reac t ing   gases   in   the  shock layer  have been  derived  previously  (see,  e.g., 
r e f s .  5, 25-27). The resul t ing  equat ions  (discussed  in  detail  i n  ref. 26) f o r  
the  conditions  of  the  present  analysis are: 

Continuity  equation 

Momentum equation 

Energy equation 

32.- 
a Y  

- 0  

Diffusion  equation  for  the  binary  system 

Since  the  major  portion  of  this  study i s  concerned  with  convective  heat 
t ransfer   to   the  s tagnat ion  pint ,   the   energy  equat ion  for   the  shock-layer   f low 
i s  fur ther   s implif ied,   for   pu(aj /dx)  << p v  (aj/ay) and (1/2)(u2 + 3) << h, 

pv ay = ay cp  ay  ay 
ah a (x ") + a (qr) 

Equation (4)  can  be  decoupled  from  the  continuity and momentum equations (1) 
by the  introduction  of a normalized  mass-flow d i s t r ibu t ion  which i s  
independent  of  the  heat  transfer. 

Normalized Mass-Flow Distr ibut ion 

The mass-flow dis t r ibut ion  a long  the  s tagnat ion  s t reamline must be 
determined to  decouple  the  energy  equation. For inviscid,  nonadiabatic f l o w ,  
Hanley ( re fs .  21 and  22) showed that  the  normalized  mass-flow  distribution, 
x = pv/pwVw, i s  r e l a t ive ly   i n sens i t i ve   t o   r ad ia t ion   t r anspor t .  For 
boundary-layer  flow,  Matting (ref. 23) denonstrated  that   the  mass-flow 
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gradient  through  the  highly compressed  boundary layer  w a s  essent ia l ly   constant .  
These two resul t s   sugges t   tha t   the  mass-flow profi le   throughout   the shock 
layer  (viscous and nonadiabatic) i s  also  relatively  independent of the  heat  
transfer,  an  assumption  substantiated  by a number of  published  papers (refs. 6, 
7,  26; 28,  and 29) . (Note t h a t   t h e  f low-field  solut ions  in  refs. 6, 7 ,  and 
26 include mass addi t ion  in   the  s tagnat ion  region.)  Thus, the   e f fec t ive  mass- 
flow  equation will be  wri t ten as 

where 7 = y/L i s  the  distance  from  the w a l l  normalized  by  the  shock  stand- 
o f f  distance. It should  be  noted  that X& i s  the  absolute  value  of (aX/aq) 
a short   distance away from  the wall since  the w a l l  value i s  zero. One i s  
j u s t i f i e d   i n  this approach  because x& does  not d i r ec t ly   a f f ec t   t he   hea t  
t ransfer   (see  eq.  (8) ) and  &/a7 i s  essentially  constant  through  the bound- 
ary  layer  except  very  near  the w a l l  ( see, e.  g.,  ref s. 23 and  26, f i g s  . 8 
and 2,  respect ively) .  It wi l l   be  assumed t h a t  x& i s  independent  of  the 
blowing r a t e   bu t  a function  of  the body shape  and densi ty   ra t io   across   the 
normal  shock. 

General  Solution  of Energy  Equation 

From equations (4)  and ( 5 )  the  dimensionless  energy  equation  for  the 
shock layer  becomes 

where dimensionless  quantit ies  are  defined as 

3 - h 
H - hw h =  

and H i s  the  adiabatic  enthalpy  behind  the shock wave. For simplicity,  
equation (6a) may be  solved  by  treating  separately  the  effects  of  conduction 
and rad ia t ion  on the  flow  enthalpy. The case where rad ia t ion  i s  predominant 
has  been  studied in   r e f e rence  24. The a n a l y s i s   i n  this report  i s  concerned 
with  the case where conduction i s  predominant. 

7 



The energy  equation and boundary  conditions,  neglecting  radiation become 

" 

h = h s  a t  ~ = I J  
A general   solut ion  to   equat ion (7a) and  boundary  conditions (7b) may be 
wr i t ten  

where 

Equations (8) are  nonlinear  solutions  since p depends upon the  unknown 
function E. General ly ,   the   analyt ical   evaluat ion o f  th i s   equa t ion  i s  
extremely  diff icul t .  

A l inear ized  
the   Pec le t  number 
constant  pressure 

and 

Linearized  Solution of  Energy  Equation 

solution  to  the  energy  equation  can be g iven   expl ic i t ly  when 
p i s  replaced  by  an  average  value. For the  condition  of 

and Tw << Ts, l e t  

8 



- -- , 
'i 

where 

A vigorous  mathematical   justif ication  of  the  substi tution of th is  average 
function  in  the  nonlinear  energy  equation i s  beyond the  scope  of t h i s   r epor t .  
However, the  method i s  subs tan t ia ted   l a te r  where the  numerical   resul ts  of con- 
vect ive  heat   t ransfer  from the   solut ions  of   other   invest igators   ( refs .  6, 26, 
30)  and also  from  the  exact  solution of equations (8) show excellent  agree- 
ment with  the  present  l inearized  solutions.   Incorporating  equation (5)  i n  
equations (lo), one obtains  

when p* >> 1, the  entire  exponential   tends  to  zero.   Furthermore,  when 7 
i s  small, the last term i n   t h e  exponent  can  be  neglected.  This  allows  the 
in t eg ra l  of equation ( l l a )  to  be  expressed  in  terms  of  the  error  function 

where 

Furthermore, f o r  X, small and p* >> 1, 

9 
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It follows  then from equations (11) t h a t  

The convective  heat is ,  by  def ini t ion,  

qc = (;e) = Pa3 v 03 (H - 
W P* 

Thus, 

For t he  no inject ion  case X, + 0,  and equation (13) can  be  written 

where 

A blowing  parameter and a Stanton number f o r   t h e  no inject ion  case can  be 
defined as 

x w  
B = o ,  

Equations for Heat  Reduction 

The heat  reduction due to   fore ign   gas   in jec t ion  i s  obtained  in  terms of 
t he  blowing  parameter B by  dividing  equation (13) by  equation (14)  and 
using  the  def ini t ion (l5a) . 

10 



where subscripts co and m refer to   p roper t ies   o f   the   f ree-s t ream  gas   in   the  
shock l a y e r   f o r  no in jec t ion  and properties  of  the  mixture of  gases i n   t h e  
shock layer   for   in jec t ion ,   respec t ive ly .  The close:  form solution  (eq.  (16)) 
can  be  used t o  deduce t h e   r a t i o  of the  parameter (Xwk/cp):/(X$/cp)f from 
either  experimental   data or t h e   r e s u l t s  of numerical  calculat,ions  (e.g., 
r e f s .  3 and 4).  

Ident ical-gas   inject ion.  - With the  assumption t h a t  (X:)* i s  independent of 
blowing, it fol lows  direct ly   for   ident ical-gas   inject ion  that  

Then @ i s  wri t ten 
7 1 

Equation (17) provides  remarkable  agreement  with more exact  solutions as 
shown i n  the  Results and Discussion  section. 

For the  case L/Lo == 1, such as f o r  a large body with a t h i n  boundary 
layer,  equation (17) m y  be  expanded i n  a s e r i e s  as 

Equation (18) compares very  well  with  the  empirical  formula  suggested by 
others  (refs. 2, 3, 9, 10). 

Single  foreign gas intjection. - The property,  (k/cp)m i n  equation (16) 
refers   to   the  mixture   of   gases   in   the shock layer  and as such it depends  on 
both  the  individual  thermal and t ransport   propert ies  and the   l oca l  mass con- 
centrations  of  the  species.   Therefore,   an  exact  evaluation  of  this  property 
would e n t a i l  a solut ion  to   the  species   equat ion and  moreover necessi ta te   the 
computation  of  high  temperature  transport  properties which requires   physical  

* 
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constants s t i l l  not well es tabl ished (refs. 11, 14, 18, 31-37). Since  the 
primary  interest   here i s  to   ob ta in  a simple  heat-transfer  formula  for  engi- 
neering  use,  the above d i f f i c u l t i e s  will be  avoided  by  introducing  the 
following  approximation 

where B, i s  the  blowing  parameter for  the  boundary-layer blow-off  defined 
i n  appendix B.  Equation (19a) has  the  proper  physical  behavior  since it 
weights  the  properties  of  the  foreign  gas  according  to  the  magnitude o f  B 
f o r  B &. B* and i s  constant  for B 2 B3t where the  foreign  gas  i s  dominant 
over  the main stream  gas. 

Since  (k/cp)* a f i  , the  parameter A may be  defined  by 

where Nf i s  a weighting  factor which  depends  on the  type  of  foreign  gas.  
By the  present method in  conjunction  with  the  numerical   results of refer- 
ence 3, t he   f ac to r  Nf was found t o  be ( f o r  a i r  as the  main stream) 

- 

- Nf a - 5 f o r  monatomic gas 9 
- 
Nf 1 for  diatomic and  polyatomic  gases 

Derivations o f  these  values will be   d i scussed   in   de ta i l   in   the   Resul t s  and 
Discussion  section. 

Equation (16), i n  conjunction  with  equations ( lga )  and ( lgb) ,   therefore ,  
leads  to  

12 



1 r 1 . I ?  

J 

f o r  

Equations (20) provides  excellent agreement  with  the  results  of  reference 4. 

It i s  i n t e r e s t i n g   t h a t  if  the  empirical  form  of  the  blowing  parameter 
suggested by a number of 
replace B by (M,JM~) 1/4 

I f =  

authors   for   the  case of fore ign   gas   in jec t ion   ( i . e . ,  
B)  i s  used,  equation (17) immediately  leads t o  

where % i s  the  molecular  weight  of  the  foreign  gas.  Equation (21) 
provides   very   sa t i s fac tory   resu l t s   for  most s ingle   foreign  gas   injectants  
(hydrogen  excepted) . 

Mixed foreign gas incject ion.-  When injected  gases  consist   of two or more 
gases ,   the   calculat ion  of   the  t ransport   propert ies  i s  further  complicated. 
A reciprocal  formula  for  the  equivalent  transport   properties i s  applied,  
t h a t  i s ,  

where A and B re fer   to   the   in jec ted   gases  and are   the i r   respec t ive  mass 
fract ions.   Incorporat ing  equat ion  (22a)   in   equat ion  ( lgb)  



This may be  written  in  terms  of  the  equivalent  molecular  weight and zf 
as 

A 

where 

‘I 
Substi tuting  equations  (22)  into  equations  (20),  $ for   the   case  of  the  mixed 
gas   inject ion i s  obtained. A s  can  be  recognized  from  equations  (22),  the 
equivalent  molecular  weight  consisting o f  two or more different   gases  does 
not   i tsel f   provide  the same r e s u l t  f o r  a s ingle   gas   with  the same molecular 
weight. It will be shown later   that   equat ions  (20)  and (22)  provide  close 
agreement  with  the  numerical  solutions  of  reference 4 when  more than one gas 
i s  injected.  

Ablation.- For forced  injection  the  blowing  rate  parameter i s  given a 
p r i o r i  and the   so lu t ion  i s  straightforward. For ablat ion,  however, the blow- 
ing  rate  parameter depends  on the  heat transfer t o   t h e  wall, and the  solut ion 
i s ,  therefore,  coupled. The mass loss rate of  ablation  vapors  per  unit  area 
i s  given  by 

where ( i s  the   e f fec t ive   hea t  of  ablat ion.  With the  def ini t ion  of  B 
given  in  equations (15), equation  (23a) may be rewri t ten 

.;( H - h ,  )B 

Ideally,  equations (16) and (23b) may be combined to   e l imina te  B (or $) and 
to   ob ta in  $ (or B) for   ab la t ion .  However, a more practical   approach i s  t o  
obtain  graphical  solutions  by  superimposing e (23b), which represents 
a family of  s t ra ight   l ines   with  the  s lope (/  , on  equations (20) f o r  
Jr  calculated for the  forced  injection. 

Effect  of  Heat  Conduction  Behind the  Shock 

The enthalpy  immediately  behind a strong shock wave will be  s ignif icant ly  
a l tered  by  heat   t ransfer  a t  the  wall when conductive  heat becomes a major 
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f a c t o r  i n  the  energy  balance  across  the bow shock wave. The effect   of  
conductive  heat  on  the  energy  balance i s  t o  reduce  the  flow  enthalpy  behind 
the  shock; t h i s  phenomenon i s  designated  here as the  "postcooling  effect ," 
i n  contrast   to   the  preheat ing  effect  which increases  the  flow  enthalpy  behind 
the  shock ( r e f .  24 ) .  Only prel iminary  effects   of   heat   t ransfer  on the  vis- 
cous  flow f i e l d  and  on the  convective  heat a t  the  s tagnat ion  point  will be 
discussed (see Results and Discussion). A brief   analysis   of   the   reduct ion  in  
hea t   t ransfer  due to   the  postcool ing  effect  i s  described  in  appendix A. 

Approximate Equations  for  the Flow Propert ies  

The var ious  pmsical   quant i t ies   required  to   evaluate   the  l inear ized 
solutions  are  given, or d e r i v e d , i n   d e t a i l   i n  appendix B: These quant i t ies  
are the mass-flow gradient,  shock-layer  thickness,  boundary-layer  thickness, 
boundary-layer  blow-off  parameter,  and  the  heat  -transfer  parameter. 

RESULTS AND DISCUSSION 

Calculations o f  the  average  transport  properties,  the  convective  heat- 
t r ans fe r   r a t e  a t  the  stagnation  point  with  suction or foreign  gas   inject ion,  
the  heat- t ransfer   parameter   in   the  vicini ty  of the  s tagnat ion  point ,  and the  
mass-flow  gradient for   the  higher  w a l l  temperature  are  presented  in  this 
section for atmospheric f l igh t   condi t ions  a t  very  high  speeds. Also con- 
sidered i s  the  postcooling  effect  on  the  convective  heating  rate a t  low 
Reynolds  numbers. 

Thermal  and Transport  Properties 

The thermal and t ranspor t   p roper t ies   for  a i r  reported  by Hansen ( r e f .  31) 
are  employed because  the  present  analysis w i l l  be compared with  numerical 
solutions  using  these  properties,  and  changes in   t he   p rope r t i e s  a t  the  higher 
temperatures as reported  recent ly   ( refs .  34-37) should  not  significantly 
affect  the  conclusions  of  the  present  analysis. 

Normalized values  of  k/cp  are shown i n   f i g u r e   2 ( a )  as functions  of 
temperature  for  various  pressure  levels.  (For s impl i c i ty   i n   p lo t t i ng ,   t he  
reference  condition i s  based on Tref = 15,000° K.) Also shown are   the 
averaged  values,  (k/cp)*,  calculated  by  equation (9a). The parameter  (k/cp)* 
can  be  approximated by a s t r a igh t   l i ne  which passes  through  the  origin and a 
reference  value a t  a lower  temperature.  (See  tables I and I1 for numerical 
values.)  

Figure  2(b)  presents  the  average  parameter  (k/c )* plot ted  against  
enthalpy a t  1000° K in te rva ls .  It can  be  seen  that  TJs/cp)* may be  approxi- 
mated by  the  square  root  of  the  enthalpy.  This  also  follows  from  the  previ- 
ous figure  since  temperature i s  approximately  proportional  to  the  square  root 
of  the  enthalpy  (see, e .g . ,   f ig .  2 of   re f .  24). 
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(a)  Property  variation with temperature. 

Figure 2. - Thermal and transport  property 
parameter f o r  air. 
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(b) Average-property variation  with  enthalpy. 

Figure 2. - Concluded. 

The r e s u l t s  found  from f igure  2 
bear  an  important  consequence; namely, 
the  thermal-transport   property param- 
e te r   can  be approximated  by 

where  hr i s  the  reference  enthalpy 
a t  a lower  temperature (a constant f o r  
a l l  gases).  Incorporating  equa- 
t ion  (24s)  with  equation (14) , one  can 
derive  the  important  equation  (see 
eq. (B22) ) . 

Equation  (24b) shows t h a t   t h e  
convective  heat  transfer a t  high 

lThat i s ,  k, 1700 Btu/lb (& 4 MJ/kg) . However, the  reference  enthalpy 
a t  a higher  temperature which provides  the same resu l t   in   equa t ions  (24) i s  
hr 27,000 Btu/lb (=- 63 MJ/kg) for a l l  gases. A s  will be  recognized  later, 
the  parameter  used  in  equation  (lgb)  can be deduced more precisely from the  
figures a t  the  higher k, than  the lower k,. 
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temperatures  can  be  expressed i n  terms of gas  properties at a lower  tempera- 
ture. Marvin  and Pope arr ived a t  the  same r e s u l t   f o r  air and other  gases.  
Equations  (24)  further  provide  the  following  important  relations: Equa- 
t i o n  (1%) , with  equations  (24), becomes 

I \  

Since  (k/c ); cc f i  at the  lower  temperature, where M i s  the  molecular 
weight  of  the  cold  gas , the   factor   of   proport ional i ty  Nf i s  re la ted   by  

The values  of Zf given in  equation  ( lgc),  and equation  (22c)  for  gas 
mixtures,  can  therefore  be  determined  from  figure 5 in   re fe rence  3. 

Results Without Postcooling 

Laminar convective  heat  transfer  without  inJection.- The r e s u l t s   f o r  no 
postcooling  obtained  from  equations  (B3), (B6) ,  and (B21) are shown i n   f i g -  
ure 3(a) along  with  the  predictions  of  Hoshizaki (ref.  3 O ) ,  Fay  and Riddel l  
( r e f .  38), and Howe and  Viegas (ref .   26) .   Typical   resul ts   f rom  other   s tudies  
may be  found in   r e f e rences  39 t o  43. The present   resul ts  show a s l igh t   bu t  
noticeable dependency  on pressure  level .  They agree  well  with  the  numerical 
r e s u l t s  of Howe and  Viegas f o r  ps = 1 a t m ,  and approach  the  result   of 
Hoshizaki for lower pressure.  

The heat-transfer  parameter Nu/&l x calculated from  equation (B27) 
assuming (X:)" == 1/2 i s  shown i n  figure 3(b) for ps = 1 a t m .  The present 
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analysis  provides  remarkably good agreement with  the results of  Fay  and 
R idde l l   fo r   t he  lower f l i g h t  speeds  and  with  the  results  of Howe and  Viegas 
for   the   h igher   f l igh t   speeds .  

Mass-flow gradients.  - The ef fec t   o f  wall temperature  on  the  normalized 
mass-flow gradient i s  demonstrated i n   f i g u r e  4 for   specif ied  condi t ions.  
The quantity Q y  the  effective  ratio  of  the  mass-flow  gradient  for  the  hot 

w a l l  t o   t h a t   f o r   t h e   c o l d  w a l l ,  
deduced  from  reference 23 is  compared 
with  the  present   resul t   (eq.  (B8)) f o r  
the  condition  of  the lower  stagnation 
temperature. The e f fec t ive  mass-flow 
gradient  decreases as the w a l l  tem- 
perature  increases  because  of  the 

boundary  layer. Also presented i s  

temperature (Ts = l5,OOOo K, 

_}PRESENT METHOD (eq. (SEI) 

T5=15.00OD K \, 
\ ef fec t   o f   h igher   v i scos i ty   in   the  

.5 - '.""- ""-0 

4 -  the   resu l t   fo r   the   h igher   s tagnat ion  

.3 I , , , I I I I l I  0 .I .z .3 .4 .5 .6 .7 .E .9 1.0 ps = 1 a t m )  which  demonstrates a 
Figure 4.- The e f f ec t  of the  wall temperature  on further decrease in the effective 

Tw I T 5  

mass f l o w  gradient (air) .  veloci ty   gradient .  

Heat reduction - i den t i ca l  gas in<jections.  - A comparison of the  present 
solution  (eq.  (17) ) f o r  p^_R = 1 with  the more exact  numerical  solutions of 
Howe and Sheaffer   ( ref .  6); and with  the  correlation  of  numerical   solutions 

by  Marvin  and Pope ( ref .  3) , whose 
, " r e s u l t s   a r e   i d e n t i c a l  t o  those  of  ref- 

0 PRESENT METHOD (eq. l l7 ) ) ,pT=I  
HOWE-SHEAFFER (ref.61 

.'L .6 \. 

Figure 5.- Heat reduction with identical   gas 
injection. 

erence 2,  i s  presented  in  figure 5 
f o r  ident ical   gas   inject ions.  The 
present   resu l t s  show excellent  agree- 
ment with a l l  of  the  numerical solu- 
t i o n s .  Also presented i s  the   l inear  
equation (18) which agrees  with  the 
empirical  equations  of  references 9 
and 10 and i s  very  close  to  the 
l inear ized   so lu t ion   for  B < 1. Note 
t h a t   t h e  Jr funct ion i s  independent 
of  the  boundary  temperatures Ts and 
Tw (eq. (1.7) ) . However, the  present 
solut ion shows t h a t   t h e  Jr function 
i s  not a single  curve,  but depends 
upon the  stagnation-point  Stanton num- 
ber   (S t )  or the  product  of  the 
ambient 8ens i ty  and  body radius p,R 
as shown next. 

- 

Scal ing   fac tor   for   cor re la t ion .  - A s  the  product o f  the  densi ty  and t h e  
body radius  decreases,  the mass t r ans fe r  becomes more e f f e c t i E i n  reducing 
the  heat   t ransfer ,  as i l l u s t r a t e d   i n   f i g u r e  6. The product p R i n   t h e  
figure  has  been  normalized  by +he value for ps = 1 atm, Ts = 315,000° K, and 
R 30 em (1 f t )  . The present  solutions and those  of Howe and Sheaffer 
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(ref.  6)2 agree  well. A single  
PRESENT METHOD (eq.(171) correlation  curve  for  the  shock-layer 

theory  can  be  obtained  only i f  the  
product p,R remains  constant.  This 
sca l ing   e f fec t   on   hea t   t ransfer  i s  
easily  recognized  from  equations (17) , 
(B11) , and (B12) . Boundary-layer 
theory,  on  the  other  hand,  provides 
one correlation  curve  of  the  blowing 

product pooR (e.g.  , refs .   2-4) .  For 

SYMBOLS HOWE-SHEAFFER (ret61 - 

B effectiveness,  independent  of  the - 
Figure 6.- Heat  reduction  for air with  scaling large Values of POOR, the  shock-layer 

- 
fac tor .  and boundary-layer  theories seem t o  

provide  s imilar   resul ts .  The present 
r e s u l t s  and those  of Howe and Sheaffer and of Marvin  and Pope (also r e f s .  2 and4) 
agree w e l l ,  as i l lus t ra ted   in   the   p rev ious   f igure .   This  i s  a condition for 
which the  shock-layer  thickness  changes  only a small amount as a result   of  gas 
in jec t ion .  Changes in  the  shock-layer  thickness  result ing  from  transpiration 
or gas  inject ion are s ign i f i can t   fo r  low values  of p,R (but s t i l l  i n   t h e  
continuum  regime without  the  postcooling  effect)  and are  accompanied  by 
changes i n  the  veloci ty   gradient  at the  s tagnat ion  point .  The present  shock- 
layer  solutions  account  for  the changes i n   t h e  shock layer  thickness,  as do 
those of Howe and Sheaffer and of  Goldberg  and  Scala. 

- 

Heat  reduction - foreign gas 
incjection.-   Injection of  gases  dif-  

a f f ec t s   t he   hea t   t r ans fe r   i n   t he  man- 

r e s u l t s   f o r  p,R = 1.0 using  equa- 
t ions  (20) a re  compared with  the 

1.6 
~ PRESENT METHOD f e ren t  from  the  free-stream  gas 

(eq. 120)), = I 

1.2 HOSHIZAKI-  LASHER (ref. 201 ner shown i n   f i g u r e  7. The present 

* 
- 

.8  
NYLON-PHENOLIC 

ABLATION boundary-layer  solutions  from  ref - 
.4 erences 4 and 20. Very good agree- 

ment i s  obtained  with  the  solutions  of 
% -.4 0 .4 .E 1.2 1.6 Anfimov and Al ' tov   for   " s ingle   fore ign  

E gases" (non-mixed) over   the   en t i re  
blowing rate  range  ( including  suction) 
and equally good agreement i s  obtained 

Figure 7.- Heat reduct ion   in  air with  single wi th   the  solut ions o f  Hoshizaki  and 
foreign  gas  injection. Lasher  (ref.  20)  f o r  nylon  phenolic 

ablat ion.  The inject ion  of   l ight   gases  i s  more effect ive  in   reducing  the 
heat  transfer  provided no combustion takes  place. 

The dependence of   the  effect iveness   of   t ranspirat ion upon the  Stanton 
number (or free-stream  density and  body radius)  i s  a l so  a function of the  
molecular  weight  of  the  injectant  gas  relative  to  that  of  the  free-stream  gas. 

___ . - . - - - -  . . ~" . . . .  

2Those numerical  solutions  that were misp lo t ted   in   f igure  5 of ref - 
erence 6 have been  corrected  in   f igure 6 of t h i s   r epor t .  
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Figure 9.- Heat reduction  with mixed foreign  gas 
i n  ject5on. 

For example, figure 8 indica tes  that 
changes in   the   S tan ton  number a f fec t  
t h e   h e a t   t r a n s f e r   m r e   f o r   t h e   i n j e c -  
t i o n  of helium  into air than   fo r   t he  
in jec t ion   of  air in to  helium.  Again, 
t h i s  i s  to  be  expected  on  the  basis of 
changes in   the  shock-layer   thickness;  
a given  amunt  of  helium  injected  into 
an air stream  increases  the shock- 
layer   th ickness   mre   than   the  same 
mount  of air in,jected  into a helium 
stream  (see  eq. (B10) ) . 

Figure 9 shows how in j ec t ing  a 
"gas-mixture"  affects  heat  transfer.  
For t ranspi ra t ion   o f  a mixture  of a 
l igh t   gas  and a heavy gas,  the  gas 
near  the w a l l ,  which i s  the heavy gas, 
predominates so that   the   mixture  i s  
less   e f fec t ive   in   reducing   the   hea t  
t r ans fe r   t han  a single  gas3  of  the 
same molecular  weight. The dashed 
curve  represents  the  result   obtained 
f o r  a single  polyatomic  gas  of  the 
same mlecular   weight .  The r e su l t s   o f  
the  present  method, using  the  recipro-  
c a l  o f  the   equiva len t   t ranspor t   re la -  
t ion   ( see  eqs. (22) ) , agree  well  with 
the  numerical   results  of  Anfimv and 
Al'tov. Anfimov and Al'tov  proposed 
the  simple  formula: 

tha t   i s ,   the   ne t   hea t   reduct ion  by the  mixture i s  the  cross  product of the 
individual   heat   reduct ions  for   each  species   ( ref .  4) . However, this equation 
i s  good only f o r  small values  of  the  blowing  parameter. 

Effect  of  Postcooling  on  Convective Heat Transfer 

The effect   of  postcooling on the  stagnation-point  f low i s  to  reduce  the 
driving  enthalpy, and thereby Lower the  convective  heat at the  body surface. 
(The v o r t i c i t y  a t  a low Reynolds number increases  the  convective  heating 
(e.g. ,   refs.  6 and 44), and thus  tends  to  counteract  the  postcooling  effect .)  
An exploratory  study of  t h i s   e f f e c t  i s  presented  here. 

3Single monatomic (polyatomic)  gas if  the  mixture i s  made up with more 
than two monatonic  (polyatomic)  gases. 
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(b) The enthalpy  behind  the normal sbck wave 
with air inject ion.  

Figure 10.- The e f fec t  of ps tcoo l ing  on heat 
t ransfer  and t he  flow enthalpy  (air:  
ps = 1 a t m ,  T, = 15,0Oo0 K, and Tw = 0’ K). 
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Figure 11.- The ef fec t  of Stanton number on heat 
r e h c t i o n ,  air. 

Stanton numbers calculated  by  the 
exact  solution  (eqs.  (8)) and  by the  
l inearized  solution  of  equations (10) 
are  presented in f igu re  l O ( a )  f o r   t h e  
in i t i a l   cond i t ion   o f  ps = 1 a t m ,  
Ts = 15,000° K, Tw % 0, and the  range 
of p* f r o m  10-l t o  103 
(R 2 POm2 - lo2 cm) . The  two calcula-  
t i o n s   m e  very neazly  identical .  Note 
tha t   t he  boundary  condition  behind  the 
shock wave, hs, f o r  smaller values  of 
pg(hs) i s  now coupled  with  the  post- 
cool ing  effect .  The resu l t   o f   the  ’ 

simple  formula  without  the  postcooling 
e f f e c t  (eq. (1%) with hs M H) i s  
a l so   p resented   in   the  same f igure,  and 
agrees  well   with  the  exact  solution 
f o r  pg  >> 1. A s  can  be  seen  from  the 
f igu re ,   t he   e f f ec t  of the  postcooling 
on the  convective  heating becomes 
important   for   the  smaller   bow  radius  
(or smaller  Reynolds number) and a t  
the  limit f o r  p: 4 0, Stanton number 
approaches  unity, as f o r  f r e e   m l e c u l e  
flow (or f o r  a pointed  nose). 

Figure lO(b)-shows the   var ia t ion  
of the  enthalpy hs with  postcooling 
and inject ion  obtained from t h e   l i n -  
earized  solution  (eqs.  (10) ) . The 
e f f e c t  of the  postcooling on the  
enthalpy becomes s igni f icant  beyond 
the   c r i t i ca l   S t an ton  number, 
(St),, 2: 0.32. For a given  value of 
(St), and increasing  inject ion  ra tes ,  
the  enthalpy i s  less   a f fec ted  by the  
postcooling  since  the  conductive  heat 
i n   t h e  shock layer  decreases  consider- 
ably.  After a su f f i c i en t ly   l a rge  
blowing r a t e  B 2 B* =e 1.6, the  
enthalpy  ra t io  i s  not   s ign i f icant ly  
changed. 

Since  the  enthalpy  varies  with 
Stanton number and  blowing r a t e ,   t he  
heat  reduction i s  a l t e r e d   i n   t h e  man- 
ner shown i n   f i g u r e  11. The heat 
reduction,  obtained  from  equations (lo),  
becomes l e s s   e f f e c t i v e  as the  Stanton 
number increases beyond t h e   c r i t i c a l  
number, ( S t ) c r  0.32, and @ 
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approaches  the free molecule flow limit of uni ty .  S i m i l a r  r e s u l t s  were 
repor ted   in   re fe rence  8. This same ef fec t   o f   the   S tan ton  number on  convective 
heat can be  expected  for   foreign  gas   inject ions.  

CONCLUDING REMARKS 

Closed-form solut ions have been  obtained  which  describe  the  behavior  of 
the  convective  heat transfer to   the   s tagnat ion   po in t   o f  a body with mass 
t r ans fe r .  The .shock-layer  energy  equation was decoupled  from  the momentum 
and continuity  equations by  assuming tha t   t he   d i s t r ibu t ion   o f  mass flow  (nor- 
malized  by  the  free-stream mass f low)   i n   t he  shock layer  was independent  of 
the  heat   t ransfer .  The energy  equation was l inear ized  by  the  introduct ion  of  
a constant  thermal  and  transport   properties  for  the  free-stream and in jec t ion  
gases   ( i .e .  , it was found  that  convective  heating  can  be  simply  calculated  by 
an  average  Peclet number obtained  by  integration  over  the  temperature  range 
i n   t h e  shock layer) .   For   the  case  of  no r a d i a t i o n   i n   t h e  shock  layer,  the 
solut ions  indicate  : 

1. The reduct ion  of   heat   t ransfer  by mass addition  can  be  significant.  
The degree  of  heat  reduction depends  upon the  mass addi t ion   ra te  and the  
Stanton number f o r  no mass addition. For a given mass addi t ion rate the  heat 
reduction  increases  with  increasing  Stanton number un t i l   t he   S t an ton  number 
reaches a value  of  about 0.5, at which point   fur ther   increases   in   Stanton 
number decrease  the  heat  reduction. 

2. The inject ion  of   gases   of  low molecular  weight i s  most effect ive i n  
reducing  heat  transfer.  

3. A mixture  of  injection  gases i s  less   e f fec t ive   in   reducing   hea t  
t ransfer   than  a single  gas  with  an  equivalent  molecular  weight. 

The present  l inearized  theory i s  well   substantiated  by comparisons  with 
more exact  solutions and provides   expl ic i t  and  simple  correlation  equations. 
The l inear ized  theory of  convect ive  heat   t ransfer ,   incorporat ing  the  l in-  
ear ized  theory  of   radiat ive  heat   t ransfer  ( ref .  24) ,  now provides  the  basic 
means for   solving  the  coupl ing  effect  between  convective  and  radiative  trans- 
f e r .  The present method of  analysis  can  be  used  to  evaluate  both  the  net mass 
t ransfer   ra te   ( inc luding   the   d i f fus ion  which w i l l  be  important  for  l ighter 
gases) and the  shearing stress a t  the  wall. 

Ames Research  Center 
National  Aeronautics and  Space Administration 

Moffett  Field, Calif., 94035,  Apr. 25, 1969 
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THE EFFECT OF BOUNDARY CONDITIONS ON HEAT TRANSFER (POSTCOOLING) 

The enthalpy  imediately  behind a strong  shock wave w i l l  be   s ign i f icant ly  
a l t e r ed  by  heat  transfer at the  wall when conductive  heat becomes a major 
factor   in   the  energy  balance  across   the bow shock wave. Only preliminary 
e f f ec t s  of  heat  transfer on the  viscous  f low  f ie ld  and  on the  convective  heat 
at the  s tagnat ion  point  will be  described i n   t h i s  appendix. 

Strong Normal Shock Relation  Including Heat Conduction 

For simplici ty  it i s  assumed tha t   the   s t rong  normal  shock r e l a t i o n  
appl ies  for the  case  of a conducting  f luid.  From a conservation  of  energy  on 
each  side  of  the  shock wave 

Since  the  conductive  heat  ahead  of  the shock i s  small (9, 0)  and vs << V,, 
it follows  that  the  enthalpy  behind  the shock wave (including  the  blowing 
e f f e c t )  becomes 

where H represents  the  adiabatic  enthalpy  without  conduction 

Dividing  equation (A2) by (H - h,) and d i f fe ren t ia t ing   equat ion  ( 8 )  with 
respec t   to  7, one obtains  the  boundary  enthalpy 

and  one  can obtain  the  Stanton number from  equations (A4) and (A5), 



The enthalpy  behind  the  shock  (eq. (A5) ) depends  upon the  blowing rate 
as w e l l  as the  Stanton number. Equatiop (A6) provides a closed  form  solution 
f o r  p p s ,  a constant. When p = p*(hs),  equation (A6) can be solved  by 
s t ra ightforward  i terat ion.  However, t he   d i f f e rence   i n   S t an ton  number due t o  
changing p* i s  minor since p* p s * / !  for h, 0. 

Equation  for Heat  Reduction - Postcooling  Effect 

The reduct ion  in   convect ive  heat   wi th  gas   inject ion will be s igni fcant ly  
affected by the  postcooling phenomenon. From equation (AS) the  heat  reduc- 
t i o n  i s  calculated  by 

It i s  observed from equations (Al) through (A7) t h a t   t h e  major  change i n  
convective  heat  transfer due t o  mass addi t ion   for   l a rger   S tan ton  number ( i n  
e f f ec t ,  smaller Reynolds nunibers)  depends strongly upon the  reduced  enthalpy 
(driving  enthalpy) accompanied  by this  postcooling  process  behind  the normal 
shock wave. 
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APPENDIX B 

APPROXIMATE EQUATIONS  FOR THE: FLOW  PROPERTIES 

The var ious  physical   quant i t ies   required  to   evaluate   the  l inear ized 
solut ions  are   as   fol lows:  

For compressible f l o w  and f o r  Ts >> Tw it i s  found  (ref 23) t h a t  

It follows that 

where 

vs = EVoo 1.187 Y' 
1 + 0 . 2 2 5 f i  I 

f o r  a spherical  body (see   re f .  45; see   a l so   re f .  45 for nonspherical  bodies) ; 
y i s  a  modified factor  introduced i n  reference 47 for   veloci ty   gradient .  

Mass-Flow Gradient (X:)** f o r  Ts % Tw 

When the wall temperature i s  comparable to  the  boundary-layer-edge 
temperature,   the  effective m a s s - f l o w  gradient at the  stagnation  point 
decreases   s ignficant ly   because  of   the  higher   viscous  effect   in   the boundavy 
layer .  



L7t  t.he e f f ec t ive  mass gradient at the w a l l  f o r   t h e  case where Ts 1 T, 
be (xw)**, and the  thermal  and transport   property  parameter  be 

(ET* Ts Tw lwTs (e) dT 

Then, the  convective  heat a t  the   s tagnat ion   po in t   for   the  no injection  case 
i s  exactly  analogous  to  that  for Ts >> Tw. It follows,  by  analogy  with 
equation (14), that 

%O = 1- X w  - (hs - hw) 

It has  been  demonstrated (see refs. 26,  30, 38, and f ig .  3(a))  that the   hea t  
t r ans fe r  depends  mainly  on the  enthalpy  difference  (hs - hw);  therefore, it 
can  be,  assumed,  from  equations (14) and (B6) ,  t h a t  

* 

where 
- Tw 

TS 
T, = - 

From equation (B7), t he   e f f ec t ive  mass -flow gradient   for   general  wall condi- 
t i ons  becomes 

This  approximation i s  shown t o  be valid ( f i g  . 4) . 

Shock-Layer Thickness 

The shock-layer  thickness L depends  upon the  mass in j ec t ion  rate. I n  
adiabat ic  f l o w  it i s  correlated by a simple  expression (refs. 46 and 48) 
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where kb i s  the  shape f a c t o r   t h a t  depends  upon the  body shape; f o r  example, 
reference 4.8 gives 1.0 f o r   a n   a x i s m e t r i c   s t a g n a t i o n   p o i n t .  Using 
the   def in i t ion   for   (S t ) ,   g iven  by equation ( l5a) ,  equation (B10) can be 
rewri t ten as 

where the  Stanton n M e r  at the   s tagnat ion   po in t   for   the  no injection  case can 
be  expressed  simply as (e .g., see eqs. (1%) and (B22) ) 

Boundary-Layer  Thickness 

An important  characterist ic  dimension  in  the  viscous  layer i s  the   ther -  
m a l  boundary-layer  thickness 6. I n  this report   the  thermal  thickness i s  
a rb i t ra r i ly   def ined  as the  distance  from  the w a l l  where the  driving  enthalpy 
i s  99 percent  of i t s  o r ig ina l   va lue ,   t ha t  i s ,  for y = 6, 

Associating  equation (B13) with  equation ( l l b ) ,  one obta ins   the   resu l t  

where the  thermal  layer  thickness f o r  the  
equation (1%) i s  

no injection  case  incorporating 



It i s  i n t e r e s t i n g   t o  compare equation (B l5 )  with  the  empirical   formula 
deduced  from reference 23. The boundary-layer  thickness  of  reference 23, 
with u/us = 0.99, can be rewri t ten 

Equation (Bl5) becomes identical  with  e'quation ( ~ 1 6 )  if  the   Prandt l  number i s  
a constant  near 0.74, which i s  the   case   t rea ted   in   re fe rence  23. 

Let t ing  the  character is t ic   (displacement)   thickness  st be  about  one- 
half  the  boundary-layer  thickness 8, defined  by  equation ( B l S ) ,  one  can 
de f ine   t he   c r i t i ca l   S t an ton  number where t h e  shock layer i s  dominated  by the  
viscous  flow and t h e   v o r t i c i t y   e f f e c t  so t h a t  heat conduction  behind  the 
shock wave and the terns i n   t h e  f l o w  equations of  order  (6/R) a r e  no longer 
negl igible .  Thus, t h i s   c r i t i c a l   S t a n t o n  nmiber  (St),,  can be given as 

The Blowing Parameter for the  Boundary-Layer  Blowoff, Bsc 

A s  t h e  blowing rate increases ,   the   effect   of   the   foreign  gases   on  heat  
t ransfer   can become much stronger  than that of   the  free-stream gas. The 
onset of th i s   behavior  i s  defined  by "an e f f ec t ive  blowoff  parameter B+," 
described below. The r e l a t ion  &/Lo - L/Lo - 1 i s  used to   rep lace   the   o r ig-  
inal  boundary-layer  thickness (6/L), by the  increase  of  the  shock-layer 
thickness due to   t he   i n j ec t ion .  Then one obta ins   the   resu l t  from equations 
(B11) and (B15) t h a t  

For air as the  free-stream gas, ( Xi )* - 1/2, E 1/16, and it fol lows  that  

A s  noted  from  equation (Blg) ,  the  parameter B* i s  independent o f  Stanton 
number, and  thus of  the  product 02. 
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Equat ions  for   the Heat-Transfer Parameter 

The heat- t ransfer  rate at the   s tagnat ion   po in t   for   the  no in jec t ion  case 
can,  from  equation (14), be  wri t ten as 

.I P+Re* 

where 

and 

( s e e   r e f .  24 for   values  of  1 / ~ )  . It can  be shown tha t   (eqs .  (14), ( B 3 ) ,  and 
(B21) 1 

The present  analysis on heat   t ransfer  may be  expressed i n  term  of  the 
following  simple  correlation  formula 

where 



It follows from equations (B20) and (B24) that 
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